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Abstract 

The resonance energies of strange dibaryons are investigated with the use of the KNN — ttYN 
coupled-channels Faddeev equation. It is found that the pole positions of the predicted three- 
body amplitudes are significantly modified when the three-body coupled-channels dynamics is 
approximated, as is done in the literature, by the effective two-body KN interactions. 
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I. INTRODUCTION 

Since the deeply bound kaonic nuclear states were predicted Q, [J, the few-nucleon 
systems with strangeness have attracted increasing interest. It is generally believed that 
those states can be generated by an attractive interaction between a kaon and a nucleon in 
the isospin 1 = channel. It has been suggested that the kaon-nucleon interaction may even 
modify the spatial distribution of nucleons in nuclei. Among the deeply bound kaonic states, 
the resonances in the KNN — ttYN(Y = E, A) system (strange dibaryon resonance) are 
particularly interesting since the three-hadron dynamics involved can be handled accurately 
with the use of the well-established Faddeev equation. This also means that the study of 
this strange dibaryon system will provide us with information on the nature of the KN — 7rS 
interaction and the basic mechanism of the kaon-nucleus interactions. 

The FINUDA collaboration^] reported a signature of the KNN — rcYN coupled-channels 

resonance below the irUN threshold. The reported resonance has a binding energy B ~ 115 

MeV and a width T ~ 67 MeV. However the interpretation of the signal is still open to 

discussion Jsj] . More information on the KNN — ttYN resonance is expected to become 

available from Spring-8 and J- PARC in the near future. The first theoretical prediction of the 

resonance energy was given in Ref. Using a variational approach and a phenomenological 

KN — 7rS potential, it was found that the binding energy and the width of the KNN — nYN 

system are (B, T) ~ (48, 60)MeV. The calculation in Ref. [6j, which used a KN interaction 

generated from a chiral unitary model, gave {B,T) ~ (20,40 ~ 70)MeV. In both of these 

earlier works, the three-body KNN — ttYN coupled-channels problem was handled with 

the use of effective KN interactions obtained by truncating the Fock space into KNN. 

Meanwhile, the three-body dynamics can be fully taken into account with the use of the 

Faddeev formulation, and a study based on the Faddeev formulation was presented by the 

Q Q 
present authors [7], and by Shevchenko et al. |8j. Ref. [7|, which employed the KN — 7rS 

interaction based on the leading order chiral Lagrangian, gave (B,T) ~ (60 ~ 95,45 ~ 80) 

MeV, while Ref. jsj, which adopted a phenomenological KN interaction, reported (B,T) ~ 

(50 ~ 70, 100)MeV. Thus^t^nt t—al predictions on the _ee energy spread 



over a rather wide range 
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la lid, yi. 



A major uncertainty in theoretically estimating the resonance energy of KNN — nYN 
system is that an accurate description of the KN interaction including its off-shell behavior 
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is still missing; this is particularly true for the the energy region below the KN threshold. 
Taking a reverse viewpoint, we may hope that there is a possibility to constrain KN dynam- 
ics from the study of the KNN — irYN resonance. To achieve this goal, however, it is crucial 
to treat the three-body dynamics as accurately as possible in a theoretical calculation for a 
given KN model. 

In most of the existing theoretical work, the resonance energy is predicted to lie below 
the KNN threshold and above the 7rEiV threshold; thus the relevant state is a continuum 
(localized) state in the ir'EN (KNN) Fock space. In this circumstance it is an inviting 

- n n n 

idea to work in the KNN sub-space by eliminating the nT,N states [2|, [6|, [12], and many 
analyses in the literature adopt this 'effective potential approach' and introduce effective KN 
interactions to subsume the effects of the eliminated channel. One thing to be emphasized 
here is that, when Fock space is truncated, the resulting effective interaction in a sub-space 
in general becomes a many-body operator, but that this fundamental feature is ignored 
in the existing effective potential treatments, which only consider effective two-body KN 

n n 

interactions. In this connection, it seems worth noting that the Faddeev approach [71, IS(, 
which fully takes account of coupled- channels three-body dynamics, tends to give a deeper 
binding energy than the approximate effective potential approach. 

In this report we present a detailed examination of the nature of the approximations 
involved in the existing effective potential approach calculations. (For convenience, the 
approximate effective potential approach in question will be simply referred to as 'EPA'). 
It turns out (see below) that, starting from the full coupled-channels Faddeev equations, 
we can simulate 'EPA' by introducing certain simplifying assumptions regarding the two- 
body t-matrix embedded in the three-body system. This allows us to scrutinize the nature 
of approximations involved in 'EPA' in relation to the full Faddeev calculation ?|, and to 
assess the validity (or limitation) of 'EPA'. For this assessment, we focus here on comparison 
of the resonance positions obtained in 'EPA' and in the full calculation. 

A comment is in order here concerning methods used to determine the resonance energy. 
In the present article we determine the resonance energy from the position of a pole in the 

a n 

scattering amplitude, as explained in detail in Ref. [7|. Recently, it has been suggested [13] 
that a pole in the complex energy plane may not adequately characterize a resonance. 



According to Ref. 



131 ]. as the strength of the KN interaction is artificially increased, the 



trajectory of the pole moves below the 7rS threshold, but keeping a finite width (signature 
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for a virtual state; see however Ref. [14j). We shall address here this question as well and 
show that the problem of a pole moving to a virtual state for the three-body amplitude is 
an artifact of the approximation used in 'EPA'. 

In section II, we briefly explain the method we use for solving the Faddeev equation for 
the coupled KNN © ttYN(Y = S, A) system, and we elucidate what approximations are 
involved in going from the full Faddeev formulation to 'EPA'. Section III is devoted to the 
explanation of how the KN-ttY interactions used in our calculations are derived from the 
chiral Lagrangian. The numerical results on the predicted resonance energies are presented 
in section IV, and section V gives summary. 



II. COUPLED-CHANNEL APPROACH FOR KNN - ttYN SYSTEM 



A. AGS equation and resonance pole 

The Faddeev equation for a three-particle system with separable two-body interactions 
can be cast into the Alt-Grassberger-Sandhas(AGS) equation |l5| . 

Xi,j(Pi,Pj,W) = (l-5i > j)Z i>j (p i ,p j ,W) + ^2 j dp n Z itn (pi,p n ,W)T n (W)X n j(p n ,p j ,W), 

(1) 

where W is the total scattering energy, Xij(pi,pj,W) with i,j = 1,2,3 are the scattering 
amplitudes. The channel i (j) is characterized by the spectator particle i (j). For example, 
i = 1 represents a quasi two-body channel in which the particle 1 is the spectator of the last 
interaction between particles 2 and 3. The momentum of the spectator particle i and the 
relative momentum for channel i are denoted by pi and qt, respectively. 

The driving term Z it j(pi,pj,W) of the AGS equation is given by the particle exchange 
interaction illustrated in Fig. [T] (a) and can be written as 

z (i ? ff. W )- 9M)jM) (2) 

^i,j{Pi,Pj, yy ) — 77} — t~i / — * \ — j-, ,-> \ — 77~i — =; — -*\ , ■ ■ \ z ) 

W - Ei{pi) - Ej{pj) - E k (-pi - pj) + xe 
Here we used the two-body interaction for channel i of the following form 

< tfilvM > = 7i9i((fi)gi(qi)- (3) 
The 'isobar' propagator Tj, illustrated in Fig. [T](b), is given by 

(n(W)r 1 = l/ 7i - / dq (4) 
J W - Ei(pi) - E jk {pi,qi) +ie 
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FIG. 1: Graphical representation of (a) one-particle-exchange interaction Zij(pi,pj,W) and (b) 
two-body t-matrix Tj(W). The relative momentum of the interacting particles is denoted by % for 
the spectator particle i. 



Here Ej k (pi, qX) = a/ (Ej(qi) + Ek(qi)) 2 + p 2 is the energy of the interacting particles (j and 
k) expressed in terms of the relative momentum <^ and the momentum of the spectator 
particle p^. The 'isobar' propagator 7$, which is a part of the two-body t-matrix within the 
three-particle system will be further examined in the next section. 

In this work we investigate a strange dibaryon resonance with angular momentum J 77 = 0~ 
and isospin I = 1/2. The main Fock-space components of the resonance are KNN and 
7r£iV states which couple with each other through the 1 = KN — 7rS interaction. We also 
take into account the 7rAiV component, which couples with the main KN — 7rS components 
through the 1 = 1 KN — ttY interaction. The AGS equation then becomes coupled-channels 
equations involving the channels: KNN (KN I=0 , KN I=1 , NN I=1 ), ttY,N (7cN I=1/2 ,nN I=3/2 , 
7r£/ = o, 7r£/ = i) and 7rAA^ (ttNi=i/2, 7rAj = i). We assume that all the orbital angular momenta 
are s-wave. After isospin-angular momentum projection and the anti-symmetrization of the 
two nucleons, Eq. ([TJ) becomes the following coupled integral equations 

X ajf3 (p',p,W) = Cl p Z^{p',p,W)+Y, I dqq 2 C 2 a ^Z a ^p',q,W)T,4W)X 5 ^q,p,Wl5) 

7,5 J 

Here a, (3 are specified by the Fock-space of the three particles and the quantum number of 
the interacting pair. The coefficients C^ft are the spin-isospin recoupling coefficients given 
in Ref. [3|. 

The energy of the strange dibaryon resonance is determined by searching for a pole in 
the scattering amplitude X. To this end, the amplitude is analytically continued to the 



unphysical sheet by choosing an appropriate path of momentum integration, and then a 
pole in the amplitude is located using the eigenvalue of the kernel Zr in the above equation; 
sec Ref. Q, Q, Q, [ 
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221. 



B. Approximate treatment of three-body dynamics 

In the AGS equation, the three-particle dynamics is incorporated in the particle exchange 
mechanism Z and the propagator r. The former is the three-body interaction and the latter 
is determined by two-body t-matrix in the presence of a spectator particle. We first examine 
how the two-body t-matrix in a three-body system differs from that in a free-space. The 
t-matrix of KN — 7rS scattering in the three-particle system is described by the following 
KNN — nYY, coupled-channels equations 

t a AW) = v a> p + Y,v an Gf(W)t 7jl3 (W), (6) 
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where a, (3, 7 = KN and 7rE, and the Green function is 

Gf{W) = 1 . (7) 

W - E N (p N ) - V(EmM + E B MY +pV 2 + « 

Here p^ is the momentum of the spectator nucleon and q is the relative momentum of 
meson (M a ) and baryon (B a ) in the center of mass system of the channel a. The spectator 
momentum shifts the effective scattering energy from W — to W — E^(p) and modifies 
the 'on-shell' momentum of the 7rEiV scattering state. One therefore expects that the motion 
of the spectator plays an important role in calculating the binding energy and width of the 
resonance. 

The 'isobar' propagator r a ^{W) in Eq. ([5]) is related to the above t-matrix as 

< q a \t a A w )\& > = ga{qa)r a ,p{W)gi3{qp). (8) 

Note that r a ^(W) depends on the momentum of the spectator nucleon through the three- 
body Green function in Eq. ([7j). Clearly, the effects of the spectator motion on T a ^{W) 
depend on the momentum distribution of the spectator nucleon, which can be determined 
only by solving three-body dynamics. 

As mentioned, in 'EPA' the three-body problem is treated within the KNN Fock-space. 
To make contact with 'EPA', we rewrite Eq. ([6]) by eliminating ttJ^N state, which results in 



the introduction of the effective interaction f e //- Thus 

tRN-RN(W) = v eff (W,p N )+v eff (W,p N )G§ NN (W)t RN _ RN (W). (9) 

The effective interaction v e ff is defined by 

v eff (W,p N ) = v RN _ RN + v RN _^Gf N (W)(l + t^-MW)Gf N (W))v^_ RN , (fO) 
i^-^{W) = v^^ + v^^Gf N {W%^{W). (ff) 

Note that i involves only rescattering through the 7rS interaction. Solving the above set 
of equations is still equivalent to solving the original Faddeev equation. The difficulty of 
treating three-body continuum (n'EN) is hidden in the effective potential f e //, which is a 
three-body interaction that depends on the momentum of the spectator nucleon through the 
Green function. 

A drastic simplification of v e ff can be achieved by neglecting the momentum dependence 
of the spectator, or more explicitly, by approximating the ir'EN Green function, Gq S7V '{W), 
in Eqs. pH and ^H) with 

GfaZroM) = W _ mN _ E ^_ E ^ +le ( 12 ) 

This approximate treatment of the three-body dynamics represents 'EPA' as derived from 
the Faddeev formalism. 



III. MODEL OF KN INTERACTION 

We use here the models developed in our previous workQ] for describing the irN, KN — 
7rS — 7i A and NN interactions. Here we briefly explain the KN — 7rE interaction in the 
1 = s-wave channel, which plays a crucial role in our study of the strange dibaryons. Our 
starting point is the following leading order effective chiral Lagrangian for a baryon %ps and 
a pseudoscalar meson 0, 

i 



-'int 



^tr^Bj^d^UB}). (13) 

The s-wave meson-baryon potential derived from L int is of the following separable form 

H . f m p + m a 

x 9p(p')9a(p), (14) 



with g a (p) = A^/{p 2 + A 2 ) 2 . Here p and p' are the momenta of the mesons in the ini- 
tial a and the final (3 states, respectively. The coupling constants Cp >a are : C^ N _^ N = 
6, C^jv-TrS — — Vd and C^-nY, = 8. Thus the potential is attractive for both KN and 7rS 
channels. The strength of the potential at zero momentum is determined by the pion decay 
constant F n (F n = 92AMeV). We found only one resonance in the 1 = KN — 7rS s-wave 



24j | that two resonance poles may 



channel. Meanwhile it has been shown in Refs. 0, 
exist in this channel. The potential in Eq. fjX4jl is independent of the scattering energy. The 
energy dependence of the KN — 7rS interactions is one of the important features that dif- 
ferentiate our approach from the chiral unitary approach. The properties of the resonances 
and the energy dependence of the potentials in the s-wave meson-baryon scattering will be 
examined in Ref. [25 ]. 

We first discuss the values of the cutoff parameters, A Q 's, to be used in this work. Table 
[J gives two sets of choices, Model (A) in the first row and Model (B) in the second row. The 
cutoff parameters for Model (A) are taken from Model (f) in Ref. [7|, which was constructed 
to generate a resonance at around 1405MeV 26] . When the couplings between the KN and 
the 7rE are switched off in Model (A), a bound state appears in the KN channel and there 
is no resonance in the 7rS channel. To test the prediction of Model (A) in the energy region 
below the KN threshold, we study the 7r~S + mass distribution in the K~p reaction 27]. 



281 ]. we calculate the 7r S + mass distribution from the 1 = 7rS scattering 



Following Ref. 
t-matrix 

dN 



(15) 



where p c . m . is the 7rS relative momentum in the center of mass system. Because of the 
presence of an arbitrary constant C, only the shape of the mass distribution can be com- 
pared with the data. We assume that the mass distribution of 7r~S + is dominated by the 
1 = amplitude and that the mass distribution can be deduced from the 7rE rescattering, 
neglecting other energy dependence due to the 7rS production mechanism. The mass dis- 
tribution calculated from the model (A) is compared with the data in Fig. [21 Model (A) 
gives a spectrum slightly larger than the data in the lower mass region. To examine the 
model dependence of this analysis, we study Model (B), which gives a slightly better de- 
scription of the 7r~£ + mass distribution. The results for Model (B) are shown in dashed line 
in Fig. [21 The Model (B) has a slightly weaker KN interaction than Model (A) because of 
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FIG. 2: Invariant mass distribution of the 7rX. 
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FIG. 3: The total cross section of (a) K p — ► K p, (b) K p — > 7r + £ , and (c) K p —* n S + 
reactions. The solid (dashed) curve shows cross section calculated by using Model (A) ((B)). Data 



are taken from Ref. 



29 



3C, 



31 



32, 



33(]. 



the smaller value of the cutoff parameter. The resonance generated from Model (B) is less 
bound and has a narrower width than that generated from Model (A). Both models give a 
satisfactory description of the total cross sections for the K~p — > K~p reaction [Fig. EJ^a)], 
K~p — > 7T + S~ reaction [Fig. E(b)], and K~p — ► 7r _ S + [Fig. [3](c)] reaction. 





A^,v(MeV) A^ s (MeV) 


Resonance energy (MeV) 


(A) 


1160 1100 


1405.8 - i25.2 


(B) 


1100 1100 


1414.2-»18.6 



TABLE I: The cutoff parameters and the resonance energy of the A(1405). 
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IV. RESULTS AND DISCUSSION 



The energies of the strange dibaryon resonances obtained from our Faddeev approach 
described in section II are listed in the first row of Table [TT1 The half width of the resonance 
is about 22 MeV (23 MeV) for Model (A)((B)). Model (B) gives a binding energy (-B = 
ReiWpoie) — m K — 2m N ) about 20MeV smaller than Model (A). 

In all of the previous theoretical studies of strange dibaryon resonances except our pre- 
vious work^], the ttTjN Fock space is not treated explicitly; it is only included in the 
intermediate states of the two-body KN — 7rS scattering amplitude. The influence of this 
simplification can be examined in our approach by turning off the pion exchange Z term 
in Eq. ([I]). As can be seen in Table HT| the pion-exchange Z term plays only a minor role 
in the determination of the resonance energy In the following discussion therefore we will 
treat the Faddeev calculation without the pion-exchange Z term as the 'Exact' calculation. 





Model (A) 


Model (B) 


Full calculation 


-63.3 - €22.2 


-44.4 - i22.8 


without pion-exchange Z 


-66.9 - €21.7 


-47.4 - €25.0 



TABLE II: The pole energy of the strange dibaryon resonance is given in MeV. The pole energy is 
related to the binding energy B and the width T as W po i e — txik — 2m at = — B — iT/2. 





Model (A) 


Model (B) 


'Exact' 


-66.9 - i21.7 


-47.4 - €25.0 


EPA 


-41.8 - €35.4 


-31.5- €26.3 



TABLE III: The pole energies obtained from 'EPA' are compared with the 'Exact' results; for the 
explanation of the term 'Exact' see the text. 



Table III 1 1 provides comparisons between the resonance energy obtained in the 'Exact' 
calculation and that obtained from 'EPA' described in section II. Clearly, there are significant 
differences between the two approaches. The 'EPA' calculation gives a binding energy 15 
to 25 MeV smaller than the 'Exact' calculation. Similar effects of the three-body dynamics 
were partly studied in Ref. [llj]. To understand these results, it is informative to plot 

10 



t(W) defined in Eq. (j3J) as a function of the momentum p^ of the spectator nucleon in 
the most important 1 = KN channel; see Fig. HI The amplitude t(W) is evaluated at 
B = 66.9(47.4) MeV for Model (A)((B)). The real and imaginary parts of r are shown in 
solid (dash-dotted) and dashed (dotted) curves for the 'Exact' ('EPA') calculations. As p^ 
increases, the scattering energy available for the 7rE system decreases. This implies that in 
the 'Exact' calculation the effects of the 7rS threshold appear as a cusp in the real part of 
t at 'threshold' and the vanishing of the imaginary part of r for the larger value of pn, see 
Fig. HI On the other hand, 'EPA' fails to capture this important behavior of the t-matrix. 

As mentioned, 'EPA' involves the approximation of the ir'EN Green function. If we 
further approximate the KNN Green function we are led to the tp approximation, which 
underlies the first order optical potential model. With this additional approximation we 
find a resonance at (-67.4 - z64.2) MeV and (-60.6 - z47.7) MeV for Model (A) and (B), 
respectively. We note that the additional approximation influences the resonance width 
drastically. 

In summary, our analysis clearly shows that the exact treatment of three-body dynamics, 
such as given by the Faddeev formulation, is essential in making precise predictions on the 
resonance positions of the strange dibaryons. 

Finally, we examine the behavior of the resonance pole trajectory as the magnitude of KN 
interaction is artificially increased from its physical value. Let / stand for an enhancement 
factor of strength of the 1 = KN interaction: 

V KN,KN — fVRN,KN- (16) 

The resonance determined from the pole of the scattering amplitude in our KN — 7rS 
coupled-channels model becomes a 'virtual state' as / increases. This behavior of the two- 
body resonance pole is similar to the one observed in Ref. [l3]. Although it was discussed in 
Ref. [l3] that the spectrum shape of the Green function cannot be well explained based on 
the pole of the Green function, we emphasize that the spectrum shape can in fact be well 
described in terms of the resonance pole in the amplitude, we take into account the residue 
at thepole and the next order term in the Laurent expansion of the Green function; see 
Ref. y. 

The trajectory of the resonance pole occurring in the three-body system behaves quite 
differently from the resonance pole in the two-body system. The resonance energies obtained 
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FIG. 4: KN amplitude of (a) Model (A) and (b) Model (B). KN amplitudes for I = are shown 
for 'Exact' and 'EPA' treatments of the ttT,N Green function. 

from our Model (A) are shown as circles in Fig. [51 The squares in the same figure correspond 
to the 'EPA' results. The numbers attached to the circles and squares give the corresponding 
values of the enhancement factor /. As / increases, the binding energy of the resonance 
increases for both the 'Exact' and 'EPA' cases. In the 'Exact' calculation (circles), the 
imaginary part of the resonance energy becomes smaller as the binding energy increases 
and, for / = 1.3, the resonance almost becomes a bound state. On the other hand, in the 
'EPA' case (squares) the resonance becomes a virtual state as / grows. By contrast, in the 
'Exact' case the resonance energy of the three-body system determined from the pole of the 
scattering amplitude does not become a virtual state even for an (artificially) strong strong 
KN interaction. Here again we see the importance of taking a full account of three-body 
dynamics for understanding the strange dibaryon resonances. 



V. SUMMARY 



We have demonstrated the importance of taking a proper account of three-body dynamics 
in predicting the resonance energies of strange dibaryons. Within the Faddeev formulation 
we have examined the approximations involved in the existing effective potential approach 
(which for short we refer to as 'EPA'). Upon eliminating the 7iY,N Fock space, the effective 
interaction in the KNN sub-space becomes a three-body interaction which depends on the 
resonance energy and the momenta of all the three particles. We have shown that this 
energy and momentum dependence (which is neglected in 'EPA') plays a important role 
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FIG. 5: Resonance energy of KNN — ttYN system for Model (A). The circles (squares) show 
resonance energies obtained in the 'Exact' ('EPA') treatment of the three-body Green function. 
The numbers attached to the circles and squares give the corresponding values of the enhancement 
factor / in Eq. (Tl6j) . 

in determining the resonance energies. As regards the behavior of the resonance position 
as a function of the strength of the KN potential, we have shown that the appearance 
of a virtual state in 'EPA' as the strength of the KN potential grows is an artifact of the 
approximations involved in 'EPA'. We have demonstrated that the results obtained from the 
Faddeev approach indicate that the resonance becomes a bound state as the KN potential 
becomes strong. In conclusion, we emphasize that a full treatment of three-body dynamics 
is essential in understanding the KNN — tcYN coupled-channels resonance. 
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